
1 Overview

This text describes the calculation formula used in a simple 3D flow calculation
model Nays2d+. In the Nays2d+, the calculation result of the depth averaged
two-dimensional calculation model and the theoretical solution of the secondary
flow in curved open channel flow are coupled, and a quasi three-dimensional flow
field is synthesized. The theoretical solution of the secondary flow in a uniform
curved channel proposed by Engelund (1974) 1) is used.

2 Velocity profile of main flow

The equation of motion of the uniform flow in s direction is expressed by the
following equation, in which s is the flow direction of the depth averaged flow,
and z is the vertical direction.

∂

∂z

(
νt
∂us

∂z

)
= g

∂H

∂s
(1)

Here, g is the gravitational acceleration, H is the water surface elevation, s
is the main flow direction, us is the flow velocity in s direction, and z is the
vertical direction. Non-dimensional vertial distance ζ is defined by the following
equation, in which zb is the channel bed elevation.

ζ =
z − zb

h
(2)

ζ becomes 0 at channel bed and 1 at wataer surface. Asuming a steady uniform
flow, the energy slope S (= water surface slope) can be difined as follows,

S = −∂H

∂s
(3)

the depth averaged main flow < us > velocity can be defined using us as,

us(ζ) =< us > fs(ζ) (4)

Substituting this into the momentum equation(1),

∂2fs

∂ζ2
= −

gSh2

νt < us >
(5)

and integrated with respect to ζ，the following equation is obtained.

∂fs
∂ζ

= −
gSh2

νt < us >
ζ + C1 (6)

Since the shear stress is zero at the water surface，∂fs

∂ζ
= 0 at ζ = 1,

C1 =
gSh2

νt < us >
(7)
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Setting C1 = β, Eq. (6) can be rewritten as,

∂fs
∂ζ

= β(1− ζ) (8)

Integrating this onece again with respect to ζ, fs can be reduced as follows.

fs = β

(
ζ −

1

2
ζ2

)
+ C2 (9)

Considering the definition of depth averaging,∫ 1

0

fsdζ = 1 =

[
β

(
1

2
ζ2 −

1

6
ζ3

)
+ C2ζ

]1
0

=
1

3
β + C2 (10)

Then,

C2 = 1−
1

3
β (11)

Sbstituting this into (9),

fs =

(
−1

2
ζ2 + ζ − 1

3

)
β + 1 (12)

When the eddy viscussty νt is defined as νt = αu∗h, and considering u∗ =
√
ghS,

β =
gSh2

νt < us >
=

gSh

αu∗ < us >
=

u∗

α < us >
(13)

The bottom velocity ub
s is,

ub
s =< us > fs(0) = −

u∗

3α
+ < us > (14)

from this,
< us >

u∗
=

ub
s

u∗
+

1

3α
(15)

If we set
ub
s

u∗
as follows,

ub
s

u∗
= 2 +

1

κ
ln

h

ks
= r∗ (16)

Next equation is obtained.

u2
∗h(1− ξ) = αu∗h

∂u

∂ξ
(17)

Thus,
< us >

u∗
= r∗ +

1

3α
(18)
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Figure 1: Coordinate system along the depth averaged stream line

u∗

< us >
=

1

r∗ +
1

3α

=
3α

3αr∗ + 1
(19)

Substituting this into Eq.(13), followings are obtained.

β =

(
3α

3αr∗ + 1

)
1

α
=

1

αr∗ +
1

3

(20)

1

β
= αr∗ +

1

3
(21)

fs =

(
−
1

2
ζ2 + ζ −

1

3

)
β + 1 =

(
−
1

2
ζ2 + ζ −

1

3
+

1

β

)
β =

αr∗ + ζ −
1

2
ζ2

αr∗ +
1

3

(22)

Setting r∗α = χ and χ1 = αr∗ +
1

3
，

fs =
χ+ ζ −

ζ2

2
χ1

, us(ζ) =< us >
χ+ ζ −

ζ2

2
χ1

(23)

Eq. (23) is the paraboric distribution of the main flow．

3 Velocity profile of the secondary flow

When the flow is curved as shown in Fig. 2，the momentum equation in n axis
can be represented as follows, in which n is the axis orthogonal to the s axis.

u2
s

rs
= −g

∂H

∂n
+

∂

∂z

(
νt
∂un

∂z

)
(24)
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in which,
1

rs
=

∂θs

∂s
(25)

Here，θ is the angle of depth averaged flow to the x-axis. The velocity profile
in n-direction is assumed to be as follows.

un(ζ) = Anfn(ζ) (26)

in which, An is the intensity of the secondary flow, and fn is the non-dimensional
velocity distribution function． Substituting this into Eq. (24), the followings
are obtained.

∂2fn

∂ζ2
=

gh2

νtAn

∂H

∂n
+

< us >
2 h2

νtAnrs
f2
s =

< us >
2 h2

νtAnrs

(
grs

< us >2

∂H

∂n
+ f2

s

)
(27)

Setting A and B as follows,

< us >
2 h2

νtAnrs
≡ A,

grs

< us >2

∂H

∂n
≡ B (28)

Eq. (27) becomes,
∂2fn

∂ζ2
= A(B + f2

s ) (29)

And integrated with respect to ζ,

∂fn

∂ζ
= ABζ +A

∫ [{
1

χ1

(
χ+ ζ − 1

2
ζ2
)}2

]
dζ + C1

= ABζ +
A

χ1
2

[
χ2ζ + χζ2 +

1

3
(1− χ)ζ3 − 1

4
ζ4 +

1

20
ζ5
]
+ C1 (30)

At the water surface, since
∂fn

∂ζ
= 0, which is the slip condition,

C1 = −AB −
A

χ1
2

(
χ2 +

2

3
χ+

2

15

)
(31)

Thus,

∂fn

∂ζ
= ABζ +

A

χ1
2

[
χ2ζ + χζ2 +

1

3
(1− χ)ζ3 − 1

4
ζ4 +

1

20
ζ5
]

−

[
AB +

A

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
(32)

Integrated this once again with respect to ζ,

fn =
1

2
ABζ2 +

A

χ1
2

[
1

2
χ2ζ2 +

1

3
χζ3 +

1

12
(1− χ)ζ4 − 1

20
ζ5 +

1

120
ζ6
]
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−

[
AB +

A

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
ζ + C2 (33)

Since the depth integration of the secondary flow becomes zero because of it’s

definition,

∫ 1

0

fndζ = 0

∫ 1

0

fndζ =
1

6
ABζ3 +

A

χ1
2

[
1

6
χ2ζ3 +

1

12
χζ4 +

1

60
(1− χ)ζ5 − 1

120
ζ6 +

1

840
ζ7
]

−

[
AB +

A

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
ζ2

2
+ C2ζ = 0 (34)

From this,

C2 =
1

3
AB +

A

χ1
2

[
1

3
χ2 +

4

15
χ+

2

35

]
(35)

Substitute this into Eq. (33)，

fn =
A

2

(
B +

χ2

χ1
2

)
ζ2 +

A

χ1
2

[
1

3
χζ3 +

1

12
(1− χ)ζ4 − 1

20
ζ5 +

1

120
ζ6
]

−

[
AB +

A

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
ζ +

1

3
AB +

A

χ1
2

(
1

3
χ2 +

4

15
χ+

2

35

)
(36)

As the direction of the flow velocity and the bed shear stress is the identical,

ub
n

ub
s

=
τ bn
τ bs

(37)

Each value in the above equation is as follows.

ub
s =< us > fs(0) =< us >

χ

χ1
(38)

ub
n = Anfn(0) = AAn

[
1

3
B +

1

χ1
2

(
1

3
χ2 +

4

15
χ+

2

35

)]
(39)

τ bs
ρ

= u2
∗ (40)

τ bn
ρ

= νt
∂un

∂z

∣∣∣∣∣
z=0

= νt
An

h

∂fn

∂ζ

∣∣∣∣∣
ζ=0

= −αu∗AnA

[
B +

1

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
(41)
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Substituting them into Eq. (37) results,

AAn

[
1

3
B +

1

χ1
2

(
1

3
χ2 +

4

15
χ+

2

35

)]

< us >
χ

χ1

= −
αu∗AnA

[
B +

1

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
u2
∗

(42)

1

3
B +

1

χ1
2

(
1

3
χ2 +

4

15
χ+

2

35

)

= −α
< us >

u∗

χ

χ1

[
B +

1

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
(43)

in which，
< us >

u∗
= r∗ +

1

3α
=

χ1

α
, χ1 = χ+

1

3
(44)

Using these relationships,

1

3
B +

1

χ1
2

(
1

3
χ2 +

4

15
χ+

2

35

)
= −χ

[
B +

1

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
(45)

(
χ+

1

3

)
B = −

1

χ1
2

(
χ3 + χ2 +

2

5
χ+

2

35

)
(46)

B = −
1

χ1
3

(
χ3 + χ2 +

2

5
χ+

2

35

)
(47)

From them fn becomes,

fn

A
=

1

2

(
B +

χ2

χ1
2

)
ζ2 +

1

χ1
2

[
1

3
χζ3 +

1

12
(1− χ)ζ4 −

1

20
ζ5 +

1

120
ζ6

]

−

[
B +

1

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
ζ +

[
1

3
B +

1

χ1
2

(
1

3
χ2 +

4

15
χ+

2

35

)]
(48)

The last term of the right hand side of this equation becomes, using the rela-
tionship of Eq. (45),

fn

A
=

1

2

(
B +

χ2

χ1
2

)
ζ2 +

1

χ1
2

[
1

3
χζ3 +

1

12
(1− χ)ζ4 −

1

20
ζ5 +

1

120
ζ6

]
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−

[
B +

1

χ1
2

(
χ2 +

2

3
χ+

2

15

)]
ζ − χ

[
B +

1

χ1
2

(
χ2 +

2

3
χ+

2

15

)]

=
1

χ1
2

[
−

(
χ2 +

2

3
χ+

2

15

)
(ζ + χ) +

1

2
χ2ζ2 +

1

3
χζ3

+
1

12
(1− χ) ζ4 −

1

20
ζ5 +

1

120
ζ6

]
+B

(
1

2
ζ2 − ζ − χ

)
(49)

in which，
A =

< us >
2 h2

νtAnrs
=

1

An

< us >
2 h2

αu∗hrs

=
1

An

1

α

< us >

u∗
< us >

h

rs
=

1

An

1

Cfχ1
< us >

h

rs
(50)

When the intensity of the secondary flow An is defined as,

An =< us >
h

rs
(51)

The profile of the secondary flow finally becomes as follows.

un = Anfn, fn =
G0(ζ)

Cfχ1
(52)

in which,

G0(ζ) =
1

χ1
2

[
−

(
χ2 +

2

3
χ+

2

15

)
(ζ + χ) +

1

2
χ2ζ2 +

1

3
χζ3

+
1

12
(1− χ) ζ4 −

1

20
ζ5 +

1

120
ζ6

]
+ χ20

(
1

2
ζ2 − ζ − χ

)
(53)

and，

χ20 = B = −
1

χ1
3

(
χ3 + χ2 +

2

5
χ+

2

35

)
,

< us >

u∗
=

1√
Cf

, χ = χ1 −
1

3
(54)

4 Bottom velocities

Bottom velocities can be clculated from the velocity profiles show in the previous
section.

un|z=0 = Anfn(0)

=
An

Cfχ1

[
−

χ

χ1
2

(
χ2 +

2

3
χ+

2

15

)
+

χ

χ1
3

(
χ3 + χ2 +

2

5
χ+

2

35

)]
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=
Anχ

Cfχ1
4

[(
χ3 + χ2 +

2

5
χ+

2

35

)
− χ1

(
χ2 +

2

3
χ+

2

15

)]

=
Anχ

Cfχ1
4

[(
χ3 + χ2 +

2

5
χ+

2

35

)
−
(
χ+

1

3

)(
χ2 +

2

3
χ+

2

15

)]

=
Anχ

Cfχ1
4

(
2

45
χ+

4

315

)
(55)

The bottom velocity equation often used in depth-averaged 2-dimensional mod-
els is the following form.

un|z=0 = us|z=0 N∗
h

rs
(56)

Since the bottom velocity of the main flow is as follows,

us|z=0 =< us > fs(0) =< us >
χ

χ1
(57)

Bottom velocity of the secondary flow is,

un|z=0 =
χ

χ1
N∗ < us >

h

rs
(58)

On the other hand, if we give the An in the equilibrium state to Eq. (55)，it
becomes as,

un|z=0 =
Anχ

Cfχ1
4

(
2

45
χ+

4

315

)
=

χ

Cfχ1
4

(
2

45
χ+

4

315

)
< us >

h

rs
(59)

By the comparison of Eq. (58) and Eq. (59), N∗ is reduced as,

N∗ =
1

Cfχ1
3

(
2

45
χ+

4

315

)
(60)

If we put α = 0.077 and Cf = 0.01，N∗ becomes 7.03, which is a common value
we use to determine the direction of the transverse bed load sediment transport.
Or, if we give the N∗ as a condition, Cf have to satisfy the following condition.

Cf =
1

N∗χ1
3

(
2

45
χ+

4

315

)
(61)
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5 Computation of quasi three dimensional flow
field

5.1 Radius of curvature of the depth averaged flow

< ux > =
1

J
(ηy < uξ > −ξy < uη >)

< uy > =
1

J
(−ηx < uξ > +ξx < uη >) (62)

< us >=
√
< ux >2 +< uy >2 (63)

1

rs
=

1

< us >3

[
< ux >2

(
ξx

∂ < uy >

∂ξ
+ ηx

∂ < uy >

∂η

)
+ < ux >< uy >

(
ξy

∂ < uy >

∂ξ
+ ηy

∂ < uy >

∂η

)
− < ux >< uy >

(
ξx

∂ < ux >

∂ξ
+ ηx

∂ < ux >

∂η

)
−< uy >2

(
ξy

∂ < ux >

∂ξ
+ ηy

∂ < ux >

∂η

)]
(64)

5.2 Three dimensional flow field

r∗ = 2 +
1

κ
ln

h

ks
(65)

χ = r∗α =
κ

6
r∗ =

κ

6

(
2 +

1

κ
ln

h

ks

)
(66)

χ1 = αr∗ +
1

3
= χ+

1

3
(67)

Using these, the profile of us becomes,

us(ζ) =< us >
χ+ ζ −

ζ2

2
χ1

(68)

Cf =
gnm

2

h1/3
or, Cf =

1

N∗χ1
3

(
2

45
χ+

4

315

)
(69)

χ20 = −
1

χ1
3

(
χ3 + χ2 +

2

5
χ+

2

35

)
(70)
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G0(ζ) =
1

χ1
2

[
−

(
χ2 +

2

3
χ+

2

15

)
(ζ + χ) +

1

2
χ2ζ2 +

1

3
χζ3

+
1

12
(1− χ) ζ4 −

1

20
ζ5 +

1

120
ζ6

]
+ χ20

(
1

2
ζ2 − ζ − χ

)
(71)

fn(ζ) =
G0(ζ)

Cfχ1
(72)

An =< us >
h

rs
(73)

un(ζ) = Anfn(ζ) (74)

5.3 Direction of stream line and velocity distribution

cos θs =
< ux >

< us >

sin θs =
< uy >

< us >
(75)

ux(ζ) = us(ζ) cos θs − un(ζ) sin θs

uy(ζ) = us(ζ) sin θs + un(ζ) cos θs (76)[
ux(ζ)
uy(ζ)

]
=

(
cos θs − sin θs
sin θs cos θs

)[
us(ζ)
un(ζ)

]
(77)

また， [
uξ(ζ)
uη(ζ)

]
=

(
ξx ξy
ηx ηy

)[
ux(ζ)
uy(ζ)

]
(78)

なので， [
uξ(ζ)
uη(ζ)

]
=

(
ξx ξy
ηx ηy

)(
cos θs − sin θs
sin θs cos θs

)[
us(ζ)
un(ζ)

]

=

(
ξx cos θs + ξy sin θs −ξx sin θs + ξy cos θs
ηx cos θs + ηy sin θs −ηx sin θs + ηy cos θs

)[
us(ζ)
un(ζ)

]
(79)

または， [
uξ(ζ)
uη(ζ)

]
=

(
ξ1 ξ2
η1 η2

)[
us(ζ)
un(ζ)

]
(80)

in which,

ξ1 = ξx cos θs + ξy sin θs

ξ2 = −ξx sin θs + ξy cos θs

η1 = ηx cos θs + ηy sin θs

η2 = −ηx sin θs + ηy cos θs (81)
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uζ can be obtained from the continuity equation of,

∂

∂ξ

(
uξ

J

)
+

∂

∂η

(
uη

J

)
+

1

J

∂uζ

∂ζ
= 0 (82)

6 Relationship between Cartesian coordinate (x,y,z)
and general coordinate (ξ, η, ζ) uξ

uη

uζ

 =

 ξx ξy ξz
ηx ηy ηz
ζz ζy ζz

 ux

uy

uz

 =

 ξx ξy 0
ηx ηy 0
ζz ζy ζz

 ux

uy

uz

 (83)

 ξx ξy 0
ηx ηy 0
ζz ζy ζz

−1

=
1

M

 ηyζz −xiyζz 0
−ηxζz ξxζx 0

ηxζy − ηyζx ξyζx − ξxζy ξxηy − ξyηx

 (84)

M = ξxηyζz − ηyξyζz = ζz(ξzηy − ηxξy) = Jζz (85)

z = zb + ζh and thus, ζ =
z − zb

h
(86)

∂z

∂ζ
= h

∂ζ

∂z
=

1

h
ζz =

1

h
(87)

 ux

uy

uz

 =
1

J


ηy −ξy 0
−ηx ξx 0

ηxζy − ηyζx

ζz

ξyζx − ξxζy

ζz

J

ζz


 uξ

uη

uζ



=
1

J

 ηy −ξy 0
−ηx ξx 0

h(ηxζy − ηyζx) h(ξyζx − ξxζy) hJ

 uξ

uη

uζ

 (88)

ζx =
∂

∂x

(
z − zb

h

)
=

h
∂

∂x
(z − zb)− (z − zb)

∂h

∂x
h2

=
− h

∂zb

∂x
− (z − zb)

∂h

∂x
h2

= −
1

h2

{
h

(
ξx

∂zb
∂ξ

+ ηx
∂zb
∂η

)
+ (z − zb)

(
ξx

∂h

∂ξ
+ ηx

∂h

∂η

)}
= −

1

h

{(
ξx

∂zb
∂ξ

+ ηx
∂zb
∂η

)
+

z − zb
h

(
ξx

∂h

∂ξ
+ ηx

∂h

∂η

)}
= −

1

h

{
ζ

(
ξx

∂h

∂ξ
+ ηx

∂h

∂η

)
+

(
ξx

∂zb
∂ξ

+ ηx
∂zb
∂η

)}
(89)
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ζy =
∂

∂y

(
z − zb

h

)
=

h
∂

∂y
(z − zb)− (z − zb)

∂h

∂y

h2

=

− h
∂zb

∂y
− (z − zb)

∂h

∂y

h2

= −
1

h2

{
h

(
ξy

∂zb
∂ξ

+ ηy
∂zb
∂η

)
+ (z − zb)

(
ξy

∂h

∂ξ
+ ηy

∂h

∂η

)}
= −

1

h

{(
ξy

∂zb
∂ξ

+ ηy
∂zb
∂η

)
+

z − zb
h

(
ξy

∂h

∂ξ
+ ηy

∂h

∂η

)}
= −

1

h

{
ζ

(
ξy

∂h

∂ξ
+ ηy

∂h

∂η

)
+

(
ξy

∂zb
∂ξ

+ ηy
∂zb
∂η

)}
(90)

Therefore，
ux =

1

J
(ηyu

ξ − ξyu
η) (91)

uy =
1

J
(−ηxu

ξ + ξxu
η) (92)

uz =
h

J

{
(ηxζy − ηyζx)u

ξ + (ξyζx − ξxζy)u
η
}
+ huζ

=
1

J

[
{ηx(hζy)− ηy(hζx)}uξ + {ξy(hζx)− ξx(hζy)}uη

]
+ huζ (93)

in which，

(hζx) = −

{
ζ

(
ξx

∂h

∂ξ
+ ηx

∂h

∂η

)
+

(
ξx

∂zb

∂ξ
+ ηx

∂zb

∂η

)}
(94)

(hζy) = −

{
ζ

(
ξy

∂h

∂ξ
+ ηy

∂h

∂η

)
+

(
ξy

∂zb

∂ξ
+ ηy

∂zb

∂η

)}
(95)

or，
(hζx) = −

{
ζ

(
∂h

∂x

)
+

(
∂zb

∂x

)}
(96)

(hζy) = −

{
ζ

(
∂h

∂y

)
+

(
∂zb

∂y

)}
(97)
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